
Technical Notes
Stability of Gliding Flight of a

Swallowtail Butterfly

Makoto Okamoto,∗ Shigeru Sunada,† and Hiroshi Tokutake‡

Osaka Prefecture University, Osaka 599-8531, Japan

DOI: 10.2514/1.43078

Nomenclature

aD = coefficient of �2 for CD
bW = wing length � 2
c = chord length at yW
�c = mean aerodynamic chord
CD = drag coefficient of a wing element
CL = lift coefficient of a wing element
CL0 = lift coefficient when �W is zero
CL0;��0 = CL0 when � is zero
CM = pitching moment coefficient of a wing

element
CD� = @CD=@�W
CD0 = drag coefficient when �W is zero
�CD0, �CD� = CD0 and CD� of swallowtail
dD = drag acting on a wing element
dFxW , dFyW ,
dFzW

= forces acting on a wing element in xW , yW ,
and zW directions

dL = lift acting on a wing element
dM = pitching moment acting on a wing element
dMxW , dMyW ,
dMzW

= moments acting on a wing element about xW ,
yW , and zW axes

FxS, FyS, FzS = forces acting on a right wing in xS, yS, and zS
directions

FxS;L, FzS;L = forces acting on a load cell in xS and zS
directions

g = acceleration of gravity
h = distance between centers of gravity and a load

cell
IxxS, IyyS, IzzS = moments of inertia about xS, yS, and zS axes
L0�, L

0
p, L

0
r,

N0�, N
0
p, N

0
r

= primed derivatives

MxS,MyS,MzS = moments acting on a right wing about xS, yS,
and zS axes

MyS;L = moment acting on a load cell about yS axis
mxS, myS, mzS = total of a swallowtail’s mass and added

masses of wings in xS, yS, and zS directions
p, q, r = angular velocities of a swallowtail about xS,

yS, and zS axes
Re = Reynolds number
S = wing area

SW = area of upper (or lower) surface of wings
u, v, w = disturbance of velocities of a swallowtail in

xS, yS, and zS directions
US, VS,WS = velocities of a wing element at yW in xS, yS,

and zS directions
UW , VW ,WW = velocities of a wing element at yW in xW , yW ,

and zW directions
U0 = forward velocity of a gliding swallowtail
Xu, X�, Xq,
Zu, Z�, Zq,
Mu,M�,Mq

= stability derivatives for longitudinal motion

xB, yB, zB = body coordinate system
xS, yS, zS = stability coordinate system
xW , yW , zW = wing fixed coordinate system
Y�, Yp, Yr,
L�, Lp, Lr,
N�, Np, Nr

= stability derivatives for lateral-directional
motion

� = angle of attack
�W = angle of attack of a wing element at yW
�0 = angle of attack of a gliding swallowtail
� = sideslip angle
� = dihedral angle
�mxS, �mzS = added masses of wings in xS and zS directions
�0 = pitch angle
� = sweepback angle
� = eigenvalue
� = density of air
’ = roll angle
� = real part of an eigenvalue
�S, �R, �D,
�LP, �SP

= real part of an eigenvalue for spiral, roll,
Dutch roll, long-period, and short-period
modes

! = imaginary part of an eigenvalue
!D, !LP, !SP = imaginary parts of an eigenvalue for Dutch

roll, long-period, and short-period modes

Introduction

O KAMOTO et al. [1] recently analyzed the flight stability of the
lateral-directional motion of a swallowtail butterfly Pupilio

xuthus. Their analysis showed that a swallowtail glides with a high
dihedral angle due to the stability of the spiral mode and that the
relation between a dihedral angle and the stability of the Dutch roll
mode is strongly affected by Re. In the present analysis, the flight
stability of the longitudinal motion of the same swallowtail is
analyzed to investigate the stability of the longitudinal motion at a
high dihedral angle. Furthermore, the flight stability of the lateral-
directional motion of the same swallowtail will be analyzed again. A
main improvement from the previous analysis is the measurement of
the pitching moment with high accuracy. The effects of Re on all the
modes of the longitudinal and the lateral-directional motions will be
investigated.

Methods

The detailed analytical method is stated in [1]. The following are
the differences between the present and previous analyses:

1) In the present analysis, the added mass, not only in the yS axis
but also in xS and zS, was considered as follows:

�mxS � 2��

Z
bW=2

0

�
c

2

�
2

dyW cos � sin�0

�mzS � 2��

Z
bW=2

0

�
c

2

�
2

dyW cos � cos�0 (1)
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2) In both the present and previous analyses, to obtain CL,
@CL=@�W , CD, @CD=@�W , CM, and @CM=@�W , wind-tunnel tests
were performed using a model wing. As shown in Fig. 1, the
installation of the model wing on the load cell was revised. The
pitching moment around the center of gravity was measured more
precisely than in the previous analysis. The load cell (MMS-2402,
Nissho Corporation) measured FxS;L, FzS;L, and MyS;L. The forces
and themoment acting at the center of gravity of the swallowtail were
obtained from the measured FxS;L, FzS;L, andMyS;L by

FxS � FxS;L; FzS � FzS;L; MyS �MyS;L � FxS;Lh (2)

Here, the forces and the moments acting on the cylinder connecting
the wings and the load cell were considered negligible and therefore
ignored. The parameters of the measurements were �� 10, 20, 30,
and 45�, and �0 � 0; 2; 4; . . . ; 30�. The newly obtained CL,CD, and
CM are shown in Fig. 2. CM was determined as follows. First, the
averaged 25% chordwise position is defined as

�x W �
2

SW

Z
bW=2

0

xWc dyW; �yW �
2

SW

Z
bW=2

0

yWc dyW (3)

The xS and zS coordinates of this point are given by

�xS
�zS

� �
� 1 ��W cos �

��W � sin �

� �
�xW
�yW

� �
(4)

The moment coefficient CM corresponds to a nondimensional
moment around the axis, which is through the averaged 25%
chordwise position and parallel to the yW axis. CM is given by

CM �
2

�U2
0SW �c

�MyS � FxS �zS � FzS �xS�
cos �

�
2�MyS � FxS �zS � FzS �xS�

�U2
0S �c

3) The more precise pitching moment enabled stricter applica-
tion of the trimmed condition concerning pitching moment
MyS��0 cos �� � 0. Note that the pitching moments around the
center of gravity were approximately zero for all angles of attack and
the dihedral angles in the previous analysis.

Obtaining the expressions for the stability derivatives by blade
element theory is summarized as follows. The stability derivatives
due to both the right and left wings are
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Fig. 1 Model wing used in wind-tunnel tests to measure lift, drag, and

coefficients of model wing: a) front and b) side.

Fig. 2 Experimentally obtained wing characteristics of a model

wing: a) lift coefficients CL, b) drag coefficients CD, and c) moment

coefficient CM .
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Here, FxS, FyS, FzS,MxS,MyS, andMzS are the forces and moments
acting only on the right wings. The stability derivatives in the
stability coordinate system due to the right wings are given by

@
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2
64
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75�

1 ��0 sin � �0 cos �
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0

@
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2
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The stability derivative due to the right wings is obtained as follows.
The forces andmoments acting on awing element on the right wings,
dFxW , dFyW , dFzW , dMxW , and dMzW , are expressed by

dFxW
dFyW
dFzW

2
4

3
5�

�W �1
0 0

�1 ��W

2
4

3
5 dL��W; �W;U2�

dD��W;U2�

� �

dMxW

dMyW

dMzW

2
4

3
5�

xW
yW
0

2
4

3
5 �

dFxW
dFyW
dFzW

2
4

3
5�

0

dM��W;U2�
0

2
4

3
5 (7)

where�W �WW=UW and�W � VW=UW . Coordinate �xW; yW� is the
25% chordwise position of the wing element. The pitching moment
around the axis is dM, which is parallel to the yW axis and through the
25% chordwise position of the wing element. Differentiating these
equations by � � �u; �; �; p; q; r�, the following equations are
obtained:

@

@�

dFxW

dFyW

dFzW

2
64

3
75�

@�W
@� dL

0

� @�W
@� dD

2
664

3
775

�
�W �1
0 0

�1 ��W

2
64

3
75

@dL
@�W

@�W
@� � @dL

@�W

@�W
@� � @dL

@U2
@U2

@�

@dD
@�W

@�W
@� � @dD

@U2
@U2

@�

2
4

3
5

�

dL� �W @dL
@�W
� @dD
@�W

�W
@dL
@�W

�W
@dL
@U2 � @dD

@U2

0 0 0

�dD� @dL
@�W
� �W @dD

@�W
� @dL
@�W

� @dL
@U2 � �W @dD

@U2

2
664

3
775

@�W
@�

@�W
@�

@U2

@�

2
664

3
775 (8)

@

@�

dMxW

dMyW

dMzW

2
64

3
75�

xW

yW

0

2
64

3
75 � @

@�

dFxW

dFyW

dFzW

2
64

3
75�

0

@dM
@�W

@�W
@� � @dM

@U2
@U2

@�

0

2
64

3
75

�
yW

@dFzW
@�

�xW @dFxW
@�

�yW @dFxW
@�

2
664

3
775�

0 0 0

@dM
@�W

0 @dM
@U2

0 0 0

2
64

3
75

@�W
@�

@�W
@�

@U2

@�

2
664

3
775 (9)

In the previous equations, @�W=@
�, @�W=@

�, and @U2=@� �� �
u; �; �; p; q; r� are obtained as follows:
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Considering dL� 1
2
�U2CLcdyW , dD� 1

2
�U2CDcdyW , and

dM � 1
2
�U2 �cCMcdyW , the following equations are obtained:
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Substituting Eqs. (6–11) into Eq. (5) and using the values of CL,
@CL=@�W , CD, @CD=@�W , CM, @CM=@�W , and @CL=@�W , the
stability derivatives can be calculated. The values of CL, @CL=@�W ,
CD, @CD=@�W ,CM, and @CM=@�W , which are at �W � �0 cos �, will

Fig. 3 Eigenvalues of two modes of longitudinal motion: a) long period

and b) short period.

Fig. 4 Eigenvalues for three modes of lateral-directional motion:

a) spiral, b) roll, and c) Dutch roll.
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Fig. 5 Effects of CD0 on real parts of eigenvalues: a) long-period mode,

b) short-period mode, c) spiral mode, d) roll mode, and e) Dutch roll

mode.

Fig. 6 Effects of CD� on real parts of eigenvalues: a) long-period mode,

b) short-period mode, c) spiral mode, d) roll mode, and e) Dutch roll

mode.
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be measured in a wind-tunnel test for which the results will be given
next. The @CL=@�W is given by

@CL
@�W

�
�
2CL0 �

@CL
@�W

�W

�
tan��� �0 sin �� (12)

where

CL � CL0 �
@CL
@�W

�W � CL0;��0cos2�� � �W�

�
�
@CL0
@�W

�
��0

cos�� � �W��W

and �W ���0 sin �.

Results and Discussion

Figure 3 shows the results of the longitudinal motion: the
eigenvalues of A1. Matrix A1 has four eigenvalues; two conjugate
complex numbers:

Xu X� Xq �g cos �0
Zu
U0

Z�
U0

1� Zq
U0

� g sin �0
U0

Mu M� Mq 0

0 0 1 0

2
664

3
775

Figures 3a and 3b show eigenvalues �� � 
 i! of the long- and
short-periodmodes, respectively. Since the value of � for bothmodes
is negative for any�, thesemodes are stable for any�.When�< 30�,
the �LP of the long-period mode is independent of�. However, when

�> 30�, �LP decreases with an increase of �. Then the long-period
mode becomes more stable with an increase of ��>30��. The �SP of
the short-period mode increases with an increase of �, and the short-
period mode becomes more unstable with an increase of �. The
comparison of j�j between both modes shows that the j�j of the
short-period mode is larger than that of the long-period mode.
Therefore, the motion of the short-period mode converges quicker
than that of the long-period mode.

Figure 4 shows the results of the lateral-directional motion: the
eigenvalues of A2. Matrix A2 has four eigenvalues; two real numbers
and one conjugate complex number:

Y�
U0

Yr
U0
� 1 g cos �0

U0

Yp
U0

N0� N0r 0 N0p
0 tan �0 0 1

L0� L0r 0 L0p

2
664

3
775

The two real eigenvalues are for the spiral and rollmodes, and the one
conjugate complexeigenvalue is for theDutch rollmode. Figures 4a–
4c show � for the spiral, roll, and Dutch roll modes, respectively.
Figure 4a shows that �S decreases with an increase of � and that the
value is negativewhen�> 30�. Then the spiral mode becomesmore
stable, and its motion is stable when �> 30�. Moreover, �S is
strongly affected by the variation of � when �< 10�. This feature is
well known for a meter-sized airplane with vertical and horizontal
tails. Note that its dihedral angle is less than 10�. Figure 4b shows that
�R is negative for any � and that it decreases with an increase of �.
Then the roll mode is stable for any � and becomes more stable with

an increase of �. The j�Rj is very large, and the motion of the roll
mode quickly converges. The variation of � does not strongly affect
�R when �< 10�. This feature is well known for a meter-sized
airplane with vertical and horizontal tails. Figure 4c shows that �D is
negative for any�, and themotion of the Dutch roll mode is stable for
any �. With an increase of �, �D increases when �< 10�.
Conversely, the value decreases with an increase of �when �> 10�.
When �< 10�, this feature can be observed for a meter-sized
airplanewith vertical and horizontal tails. When �< 10�, the feature
is not the same as that observed in our previous work [1]. This
discrepancy will be explained next.

As stated previously, all the longitudinal and lateral-directional
motions are stable for any �, except for the spiral mode, which is
only stable for �> 30�. This result for the lateral-direction motion,
which is the same as that indicated in our previous analysis [1], can
also be expected in the present analysis, where both the longitudinal
and lateral-directional motions are considered: the large dihedral
angle of the swallowtail is caused by stabilizing its motion of the
spiral mode.

The approximated equations for the real part of the eigenvalues of
the modes are indicated in [2,3]. The approximated equation for �LP
in the long-period mode is given by [2]: �LP � 1

2
Xu. As � increases,

the value of Xu < 0 decreases and �LP decreases. The approximated
equation for �SP in the short-period mode is given by [2]:
�SP � �1=2��Z�=U0 �Mq�. As � increases, the value of Z� < 0
increases, and Mq < 0 decreases. Furthermore, the increase of the
former is larger than the decrease of the latter. With an increase of �,
�SP increases . The approximated equation for �R in the roll mode is
given by [3]: �R � L0p. As� increases,L0p < 0 decreases, and �R also
decreases. Referring to [2], the approximated equation for �S in the
spiral mode can be obtained by

�S �
gf�L0�N0r � N0�L0r� cos �0 � �L0�N0p � N0�L0p� sin �0g

��L0pN0r � N0pL0r�Y 0� �U0�L0�N0p � N0�L0p� � g�L0� cos �0 � N0� sin �0�
(13)

When the stability derivatives in this equation are estimated by
Eqs. (5–12), �S agrees well with the results shown in Fig. 4a. The
approximated equation for �D in the Dutch roll mode [3] is given by

�D �
1

2

�
N0r �

N0p
L0p
L0r �

N0p
L02p
L0�

�
(14)

When the stability derivatives in this equation are estimated by
Eqs. (5–12), the relation between �D and � agrees qualitatively with
that shown in Fig. 4c.

From the previous discussion, except for the Dutch roll mode, the
approximated equations for the real part of the eigenvalues are clearly
available quantitatively for the wide range of � when the stability
derivatives are estimated using Eqs. (5–12).

The differences in flight stability between the swallowtail and a
meter-sized airplane with vertical and horizontal tails are probably
caused by the differences in Re and the airframe configurations,
including the existences of the vertical and horizontal tails. Next, the
differences only caused by Re are discussed. Laitone [4], Sunada
et al. [5], and Sunada and Kawachi [6] pointed out that aD, as well as
CD0, increases with a decrease of Re. In their analyses, a three-
dimensional drag coefficient is expressed as CD 	 CD0�
aD�� cos ��2. The present analysis made a stability analysis by
varying the values of CD0 and CD� � @CD=@�W . Note that both CD�
and aD indicate a rate of the increase of CD with that of �. In Figs. 5
and 6, which show the real part of eigenvalue � of all the modes,

CD0 � 0:8 � �CD0, 1:0 � �CD0, and 1:2 � �CD0; andCD� � 0:8 � �CD�,
1:0 � �CD�, and 1:2 � �CD�, respectively. Here, �CD0 and �CD� are the
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values of the swallowtail. The variations ofCD0 andCD� do not affect
�SP and �R. With an increase of CD� and a decrease of CD0, �LP
increases. The variation of �LP due to that of CD� increases with an
increase of �. On the other hand, the variation of �LP due to that of
CD0 is independent of �.

Figure 6c shows that �S decreases with an increase of CD� when
�< 4�. Conversely, �S increases with an increase of CD� when
�> 4�. With an increase of CD0, �S decreases, except when �	 0�.
When �	 0�, �S is independent ofCD0. Figures 5e and 6e show that
�D decreases with an increase of CD0, and �D increases with an
increase of CD�, respectively, when �< 40�. Conversely, �D
decreases with an increase of CD� when �> 40�. The variation of
�D due to that of CD� is larger as � decreases. When � is small, �D
increases with an increase of �. This relation, when � is small, is
different from that obtained by our previous analysis [1], where �D
decreaseswith an increase of�. Furthermore, this relation is the same
as that for a meter-sized airplane with vertical and horizontal tails.
The difference between our present and previous analyses [1] can be
explained as follows. The pitching moment around the center of
gravity at the trimmed flight was more strictly required to be zero in
the present analysis than in our previous analysis [1]. This difference
is caused by the angle of attack �0. During the trimmed flight,
�0 � 7�= cos � in the present analysis, but �0 � 10� in our previous
analysis. This difference in �0 caused the differences of CL, CD,U0,
and �0. The differences inCL andCD are also partially caused by the
results of the wind-tunnel tests between the two analyses. These
differences caused the variation in the relation between �D and �
when � is small.

Conclusions

The stability of the longitudinal and lateral-directional motions of
swallowtail butterfly Papilio xuthus was analyzed. The analysis
indicated that all the modes in the longitudinal and lateral-directional
motions are stabilized when dihedral angle � is larger than 30�.

We also previously analyzed the stability of the lateral-directional
motion [1]. The difference between the results of our present and
previous analyses is the relation between � and an eigenvalue of the
Dutch roll mode �D at small �. In the present analysis, �D increases
with an increase of �. The relation was opposite in the previous
analysis. This difference was caused by the improvement of the
present analysis; the pitching moment around the center of gravity is

more strictly zero in the trimmed condition. The improvement makes
the trimmed pitch angle in the present analysis less than in our
previous analysis.

The effects of the Reynolds number, that is, CD0 and CD�, on the
motions of all the modes in the longitudinal and lateral-directional
motions were analyzed. Both CD0 and CD� increase with a decrease
of Re. When CD0 increases, the motions of the long-period, spiral,
and Dutch roll modes become more stable. Conversely, when CD�
decreases, the motions of these modes become more stable. The
motions of the short-period and roll modes are independent of CD0
and CD�.

Acknowledgment

The present study was supported in part by the Ministry of
Education, Culture, Sports, Science and Technology through a
Grant-in-Aid for Scientific Research (S) (18100002).

References

[1] Okamoto, M., Sunada, S., and Tokutake, H., “Stability Analysis of
Gliding Flight of a Swallowtail Butterfly Papilio Xuthus,” Journal of
Theoretical Biology, Vol. 257, No. 2, 2009, pp. 191–202.
doi:10.1016/j.jtbi.2008.11.012

[2] MaRuer, D., Ashkenas, I., and Graham, D., Aircraft Dynamics and

Automatic control, PrincetonUniv. Press, Princeton,NJ, 1973, pp. 296–
418.

[3] Seckel, E., Stability and Control of Airplanes and Helicopters,
Academic Press, New York, 1964, pp. 260–276.

[4] Laitone, E. V., “Wind Tunnel Tests of Wings at Reynolds Numbers
Below 70000,” Experiments in Fluids, Vol. 23, No. 5, 1997, pp. 405–
409.
doi:10.1007/s003480050128

[5] Sunada, S., Yasuda, T., Yasuda, K., and Kawachi, K., “Comparison of
Wing Characteristics at an Ultralow Reynolds Number,” Journal of

Aircraft, Vol. 39, No. 2, 2002, pp. 331–338.
doi:10.2514/2.2931

[6] Sunada, S., and Kawachi, K., “Effects of Reynolds Number on
Characteristics of Fixed and Rotary Wings,” Journal of Aircraft,
Vol. 41, No. 1, 2004, pp. 189–192.
doi:10.2514/1.2695

E. Livne
Associate Editor

2976 AIAA JOURNAL, VOL. 48, NO. 12: TECHNICAL NOTES

http://dx.doi.org/10.1016/j.jtbi.2008.11.012
http://dx.doi.org/10.1007/s003480050128
http://dx.doi.org/10.2514/2.2931
http://dx.doi.org/10.2514/1.2695

